In this paper, we define three different notions of controllability for quantum mechanical systems involving the possibility of driving the evolution operator as well as the state of the system. By using general results on transitivity of transformation groups on spheres we establish the connections among these different notions of controllability. Motivated by the physical model of multilevel quantum systems, we also study the relation between the controllability in arbitrary small time of a system varying on a compact transformation Lie group and the corresponding system on the associated homogeneous space. As an application, we prove for the system of two interacting spin particles the negative result that not every state transfer can be obtained in arbitrary time.
Introduction
In this paper, we consider multilevel quantum systems described by a model [9] , [19] rn I&> = ( A + x B i u i ( t ) ) l i >, The solution of (1) at time t , l$(t) > with initial condition lvjo >, is given by: 1 w >= X(t)lio >, The controllability of the system (1) is usually investigated by applying general results on bilinear right invariant systems on compact Lie groups [ll] , [14] , [19] . These results, applied to our model, give a necessary and sufficient condition for the set-of matrices reachable for system (3) to be the whole Lie group U(n) (or SU(n)). The condition is given in terms of the Lie algebra generated by the matrices A, E L , ..., Bm, which has to be equal to u(n) (or su(n)). This is called 'the Lie algebra rank condition'. A group of transformations G acting on a manifold M is called transitive if for every pair of elements in M , $0 and $1, there exists a t least one element X in G such that X acting on $0 gives $1. Since both the groups U ( n ) and SU(n) are transitive on the complex sphere (where the action is the standard matrix-vector multiplication), it follows from (2) that this condition is also a sufficient condition for controllability for the state I$ >.
In this paper, we first define three different notions of controllability which are of physical interest for quantum mechanical systems of the form (1). Using general results on transitivity of transformation groups, we provide criteria for checking the proposed controllability notions, and we establish the connections among them. This is done in Sections 2 through 6. Then, we investigate the relation between various notions of controllability in arbitrary small time and prove a general result in Section 7, which relates controllability in arbitrary time for a system varying on a compact transformation Lie group and the corresponding system on the associated homogeneous space. Although this is motivated by the analysis of multilevel quantum systems (where the transformation group is S U ( n ) and the homogeneous space is the sphere Sz') the analysis presented here is valid for any compact transformation Lie group. As an application, we consider, in Section 8, the important system of two interacting spin 1 articles in an electr-magnetic field. This system is of interest because it is used to perform two quantum bit logic o p erations in quantum computation [lo] . 
Operator Controllability
Operator controllability is the type of controllability considered in [19] . Operator controllability can be checked by verifying the Lie algebra rank condition More in general, denoting by C the Lie algebra generated by { A , B I , ..., Bm), the set of transformations that can be obtained for (3) is the connected Lie subgroup e ' of u ( n ) corresponding to C. This fact is sometimes mentioned without proof in the literature (see e.g. [18]). We provide here a proof which only uses the fact that U ( n ) is a compact Lie group. From Theorem 1, it is clear that the Lie algebra rank condition it is also necessary to have operator controllability, thus we have: 
State Controllability

Equivalent State Controllability
The notion of equivalent state controllability, although seemingly weaker, is in fact equivalent to state controllability. In order to see this, notice that if the system is ESC then for every pair of states l+o > and > there exists a matrix X in e" and a 'phase' 4 E R such that Xl$o >= e'ml+l > .
(4)
This can he expressed by saying that there exists an element Y in e'me" := { Y E li(n)lY = e'+I,,X,X E e " , + E R } such that Yl+a >= I+l > and therefore e'4e" is transitive on the complex sphere. Now, if span{&) C L, then ei+eL = e" and therefore e" is 
where R ( t ) is the set of transformations reachable from the identity a t t i m e t for system (3). In this section, we investigate the relation between the two notions of controllability in arbitrary time. A gen-era1 study of the controllability in arbitrary time of systems on compact Lie groups was presented in [SI.
Instead of working with A, it is more convenient t o work with its 'regularized version'
Are, := nt>oR(t), (6) where R ( t ) is the closure of R(t). The set A,,, has more structure because it is a compact connected Lie subgroup of G Theorem 4 IfA is not empty, Arc, is a compact connected Lie subgroup of G .
Proof: First notice that A,, is a semigroup. In fact, assume X1 and X2 are in R(f) for every t . Then there exist two sequences of elements { X l k } and { x z k } in R(S) converging to X1 and X2, respectively. The elements of the sequence { x 1 k x 2 k } are all in R(t) and by continuity so that X 1 X z E R ( t ) . Since t is arbitrary, this proves X l X 2 E A,,,. Consider now an element X E A,,,. X" is also in A,,,, for every n , and by compactness, the sequence of X"'s has a converging subsequence { X n ( k ) } . pg. 212).
If A is not empty, then A,,, is a connected Lie group and we can consider its associated Lie algebra C A . Consider B the Lie algebra generated by B1, ..., E,,, in (3).
We have. In the following theorem we will call transitive a subalgebra of G whose corresponding It can be shown [7] that in order to be reachable in t i m e t a matrix X E SU(4) has to be such that (in the coordinates considered in the Appendix)
> varies on the sphere S$ particle dealt with in [4] .
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and where [I, y, z , is any column of X . From ( 8 ) and (9) , it can be inferred that this system is not operator controllable in arbitrary time. As an application of the previous results, we show here that this system is not state controllable nor equivalent state controllable in arbitrary time either.
The subalgebra B in this case is conjugated t o so (4) and it is proved in [5] that so(4) satisfies the p r o p erty in Theorem 6, i.e. there is no subalgebra containing so (4) in su(4) other than su(4) itself. Since dim so(4) = 6 < dim sp(2) = 10, it follows from Theorem 2 that U is not a transitive subalgebra. Therefore, the system satisfies the conditions of Theorem 6, and it follows that if the system is state controllable in arbitrary time A,,, = SU(4). In other terms, for every time 1 , R(1) = SU(4). This contradicts (8) and (9) and prove the negative result that this system is not operator controllable nor state controllable in arbitrary time. From Theorem 3 it also follows that the system is not equivalent state controllable in arbitrary time.
Conclusions
In this paper, we have investigated notions of controllability for quantum mechanical systems, including the possibility of driving the evolution operator and the state of the system in arbitrary small time. We refer to the paper [l] for further results on this topic. In particular, the latter paper contains a study of the controllability in a density matrix description of quantum mechanics, algebraic criteria to verify controllability and the isomorphism mentioned in Theorem 2 as well as the proof of this theorem. This paper also presents an alternative derivation of the negative result presented in Section 9, which uses some results of [12] .
